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Postgraduate Certificate in Mechanical Engineering

Finite Element Analysis

Finite Element Analysis (FEA) is a numerical method used to solve problems that are formulated in terms of
partial differential equations (PDEs). It is widely used in various fields of engineering and physics, including
mechanical, civil, aerospace, and chemical engineering, as well as in materials science and biomedical
engineering. In this explanation, we will discuss some of the key terms and vocabulary associated with FEA
in the context of a Postgraduate Certificate in Mechanical Engineering.

1. Finite Element Method (FEM)
FEM is a numerical technique for finding approximate solutions to boundary value problems for PDEs. It
involves dividing the domain of the problem into a set of smaller, simpler regions called finite elements, and
then approximating the solution using a set of basis functions. The accuracy of the solution depends on the
quality of the mesh, the choice of basis functions, and the numerical method used to solve the resulting
system of equations.
2. Finite Element
A finite element is a small region of the domain of a problem, typically a triangle or quadrilateral in 2D or a
tetrahedron or hexahedron in 3D. Finite elements are used to discretize the domain of a problem, and the
solution is approximated by interpolating between the values at the nodes of the elements.
3. Basis Functions
Basis functions are used to approximate the solution of a problem within each finite element. They are
typically low-order polynomials that are defined over the element, and they are used to interpolate between
the values at the nodes of the element. Common basis functions include linear, quadratic, and cubic
polynomials.
4. Mesh
A mesh is a collection of finite elements that cover the domain of a problem. The quality of the mesh is
critical to the accuracy of the solution, and meshes are typically generated using specialized software. The
process of generating a mesh is called mesh generation or meshing.
5. Degrees of Freedom (DOFs)
DOFs are the number of independent variables required to describe the solution of a problem. In FEA, the
DOFs are typically the displacements or temperatures at the nodes of the finite elements. The number of
DOFs is equal to the number of nodes times the number of degrees of freedom per node.
6. System of Equations
The solution of a problem in FEA is obtained by solving a system of equations that arises from the
discretization of the problem. The system of equations is typically large and sparse, and it is solved using
specialized numerical methods, such as iterative methods or direct methods.
7. Element Matrices
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Element matrices are the matrices that represent the contributions of each finite element to the global
system of equations. They are computed by integrating the governing equations over the element using the
basis functions.
8. Global System of Equations
The global system of equations is obtained by assembling the element matrices into a single matrix
equation. The global system of equations represents the discretized form of the governing equations for the
entire problem.
9. Boundary Conditions
Boundary conditions are the constraints that are applied to the solution of a problem. They specify the
values of the solution at the boundaries of the domain or at specified points within the domain. Boundary
conditions are essential for solving a problem in FEA, as they provide the necessary information to
determine the unique solution.
10. Stiffness Matrix
The stiffness matrix is a key concept in FEA. It is a matrix that represents the relationship between the
displacements and forces of a system. The stiffness matrix is computed by integrating the governing
equations over each finite element using the basis functions.
11. Load Vector
The load vector is a vector that represents the external forces applied to a system. It is computed by
integrating the governing equations over each finite element using the basis functions and the external
forces.
12. Convergence
Convergence is the process of improving the accuracy of the solution by refining the mesh. As the mesh is
refined, the solution should converge to the true solution of the problem. Convergence is an important
concept in FEA, as it provides a way to estimate the accuracy of the solution.
13. Condition Number
The condition number is a measure of the sensitivity of the solution to changes in the input data. A large
condition number indicates that the solution is sensitive to changes in the input data, and it may be
inaccurate or unstable.
14. Iterative Methods
Iterative methods are numerical methods that solve a system of equations by iterating towards the solution.
They are typically used to solve large, sparse systems of equations, such as those that arise in FEA. Common
iterative methods include the Jacobi method, the Gauss-Seidel method, and the conjugate gradient
method.
15. Direct Methods
Direct methods are numerical methods that solve a system of equations by finding the exact solution in a
finite number of steps. They are typically used to solve small, dense systems of equations, such as those that
arise in the assembly of the global system of equations. Common direct methods include Gaussian
elimination and LU decomposition.
16. Eigenvalue Problem
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An eigenvalue problem is a problem in which the goal is to find the eigenvalues and eigenvectors of a
matrix. In FEA, eigenvalue problems arise in the analysis of vibrations and stability.
17. Rayleigh Quotient
The Rayleigh quotient is a quantity that is used to estimate the smallest eigenvalue of a matrix. It is defined
as the ratio of the dot product of a vector and the matrix, divided by the dot product of the vector with
itself.
18. Generalized Eigenvalue Problem
A generalized eigenvalue problem is a problem in which the goal is to find the eigenvalues and
eigenvectors of a matrix pencil, which is a pair of matrices (A, B) such that A - λB is singular for some scalar
λ. In FEA, generalized eigenvalue problems arise in the analysis of vibrations and stability.
19. Nonlinear Analysis
Nonlinear analysis is the analysis of systems that are not linear, meaning that the governing equations are
not linear in the displacements or temperatures. Nonlinear analysis is more challenging than linear analysis,
as it requires the solution of a system of nonlinear equations.
20. Buckling Analysis
Buckling analysis is the analysis of the stability of a system under compressive loads. It is used to predict the
critical load at which a system will buckle or collapse. Buckling analysis is an example of nonlinear analysis,
as the governing equations are nonlinear in the displacements.

Example:
Consider a simple beam that is subjected to a point load at its center. The beam is discretized using four
finite elements, as shown in the figure below. The nodes of the elements are numbered from 1 to 5, and the
degrees of freedom are the vertical displacements at each node.

![Finite Element Analysis Example](https://i.imgur.com/q5VsMZu.png)

The global system of equations is obtained by assembling the element matrices into a single matrix
equation. The system of equations is:

[K]{u} = {F}

where [K] is the global stiffness matrix, {u} is the vector of displacements, and {F} is the vector of external
forces. The global stiffness matrix is obtained by assembling the element stiffness matrices, which are
computed using the basis functions and the material properties of the beam.

The solution of the system of equations is obtained by applying the boundary conditions and solving for
the displacements. In this case, the boundary conditions are that the displacement at node 1 is zero, and
the displacement at node 5 is zero.

Once the displacements are computed, the stresses and strains in the beam can be computed using the
material properties and the displacements.
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Practical Applications:
FEA is used in a wide range of practical applications in mechanical engineering, including:

* Structural analysis of buildings, bridges, and other civil infrastructure
* Analysis of mechanical components, such as gears, bearings, and shafts
* Analysis of heat transfer in electronic devices and systems
* Analysis of fluid flow in pipes, channels, and other fluid-carrying systems
* Analysis of vibrations and acoustic noise in mechanical systems
* Design optimization of mechanical components and systems

Challenges:
FEA is a powerful tool, but it is not without its challenges. Some of the challenges associated with FEA
include:

* Mesh generation: Generating a high-quality mesh is critical to the accuracy of the solution, but it can be
time-consuming and difficult, especially for complex geometries.
* Model validation: Verifying that the FEA model accurately represents the physical system is essential, but it
can be challenging, especially for complex systems.
* Nonlinear analysis: Solving nonlinear systems of equations can be computationally expensive and
challenging, especially for large systems.
* High-performance computing: FEA models can be very large, requiring high-performance computing
resources to solve in a reasonable amount of time.

Conclusion:
FEA is a powerful numerical
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